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Abstract :

The fractional Fourier transform (FrFT), a generalization of the Fourier transform, has been
the focus of much research in recent years due to its applications in electronics and optics. The 1-D
Fourier transform can be extended to the 1-D fractional Fourier transform (FrFT). Similarly, we can
generalize a 3-D Fourier transform to a 3-D fractional Fourier transform (3DFrFT). Recently, some
properties of FrFT have been developed by generalizing properties of regular Fourier transform
(FrFT). In this review, we present applications of the generalized 3D fractional Fourier transform.
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1 Introduction

The Fractional Fourier Transform (FrFT) is a generalization of the Fourier Transform (FT). FrFT was
first presented as a method for solving a certain class of ordinary and partial differential equations seen
in quantum physics.[1] FrFT excels for analysing time-varying data, notably optics [2]. Iterative
filtering, fractional convolution and correlation, beamforming, optional filters, convolution, filtering,
wavelet transformations, and time-frequency representation are FrFT signal processing applications.
FrFT enhances Fourier transform and frequency domain applications.[3] Recently, many researchers
independently discussed FrFT. FrFT has been used in signal processing and optics, according to
Ozaktas etal[4]. Fractional transformations were created by Alieva T[5] in the area of optical
information processing. Recent progress in understanding the relationship between the fractional
Fourier and linear canonical transformations has been presented by A. Bultheel et al [6].FrFT had been
established as a signal processing tool by Djurovic etal [7]. Salazar F. [8] introduced the FrFT and its
uses in an unique manner.[9-11] proposed a two-dimensional fractional Fourier transform to obtain
generalized results for some elementary functions.Sinha A.[12] presented Three Dimensional
Fractional Fourier-Mellin Transform and Applications.

2 Preliminaries
Definition 2.1 Fourier Transfrom : Fourier Transfrom of the function g(t) is defined as

g(w) = == [, g(w)eldt
and invese is given by
1 oo i
g = ﬁf_w g(w)e Wtdw
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Definition 2.2 One Dimensional Fractional Fourier Transform : One dimensional Fractional
Fourier transform with parameter o of g(t) defined as

FrFT{g(D)} = Go (1) = [, 8K (6, Ddt

Ko (D) = \}% ezsina[(tz+12)C05°‘—2(t1)]

Definition 2.3 Two Dimensional Fractional Fourier Transform : The two dimensional Fractional
Fourier transform with parameter o of g(t4, t,) defined as [10]
FrET{g(t,, t2)} = Ga(ly, 1) = f_oo f_oo g(ty, t2)Ka(ty, ta, 1y, 15)dt, dt,

1-icota em[(tﬁ+t§+l§+1§)cosa—2(t111+t212)]

where the kernel

where the kernel K, (tq,t3,13, 1) =

2T

3 Distributional Three Dimensional Fractional Fourier Transform
3.1 Conventional Three-Dimensional Fractional Fourier Transform
The two diemnsional Fractional Fourier transform with parameter o of g(t;, t,,t3) defined as

FIFT{g(ty, t2 t3)} = Go(ly, 12, 13) = 7. [ 7 8ty ta, ta) Kty ty, ta, 1y, 1, 1) dt, dt,dt,

where the kernel

K (tl t2 t3 11 12 13) — 1-icota e_ZSiln(X[(t%+t%+t§+l%+1% +1§)cosa—2(t111+t212 +t313)]
o ] ] y 11,12,
\I 2T

3.2 The Test Function Space E
An infinitely differentiable complex valued function {s on R belong to E(R") if for each
compact set A c S, 4 -, Where
Spar = {tu,ta taity, ty, t3 ERY, [ty < p,[t2] < q,|t3] <1, p,qr>0},A€R"
b,
Ygapc (W) = Suptl’tz’tg|D?1,tzcjt3L|J(t1,t2,t3)| <o  Where, ab,c=1234,5...
Thus E(R™) will denote the space of all { € E(R™) with support contanined in S, g .-

The space E is thus a Frechet space, since it is complete. Also if g is a member of E*, the dual space
of E, it is a fractional Fourier transformable.

3.3 Distributional Three Dimensional Fractional Fourier Transform

The three dimensional fractional fourier transform of g(t,,t,, t3) € E(R™) can be defined

as FRFT{G(ty, ta, t3)} = Go(l1, 12, 13) = (8(t1, ta, t3), Ko (ty, ta, t3, 13, 12, 13))
1-icota eﬁ[(t{+t§+t§+li+1§+1§)cosa—z(t111+t212+t313)]

2T

The right hand side of above has a meaning as the application of g € E*to K, (ty,t,,t3,11,15,13) €
E.

where K, (tq,ty,t3,15,15,13) =

4 Examples on Generalized 3DFrFT
i3m i 3+cos2a

1-icota eT 21‘[ ef( sin2a

YA+15+15)

4.1 Prove that [3DFrFT(1)](14,15,13) =

Proof :
[BDFrFTg(ty,ty, t3)](ly, 15, 13) =

f_oooo f_oooo f_oooo ’1—icota 2 L

sina
21

[3DFTFT(D)](l, b, 13) = ,
c eé(l§+l%+l§)cottx foo foo foo eé(t%+t§+t§)cota—i(tlll+tzlz+t3l3)COSeCa’ 1 dt.dt.dt
L S R A 1@tzat3

cot3a

[(E2+t3+t2+12+15+12)cosa—2(t 1 +tlp+t3l3)

1g(ty, ty, ts)dt dt,dts
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- -'.!!' 2 :‘Z;I - 2 !
1—E‘cam feota L;'r3+ 3/ a:c E{lmmrL—illrlxccssc:r)dti IWW (zrurarz il tgmssca)dt J‘ (Immrﬂ i.!g,tg,cosacrrjdta
Im - - -
(1-icote)
where 0, = [——
la 2
We have
cota l
where a = ,b = —lcoseca
i L( llcoseca) [i(—lzcoseca)z] in [i(—l3coseca)2]
_ C ez (lz+lz+l3)cota 64\/_ e cota \/ﬁ e 4(coztoc) e4rm e 4(c02ta)
cota cota cota
2 2
i 2
. 12413 +1% )cosec“a]
1-icota - e4 Af+5+1
— (ll+lz+l3)cota \/_ e Yot

21 cota
in\/_ i 2 cosa 1 i, cosa 1 i, cosa 1
1—icota |e4+vm L2 L2 . 12y ,
= |[— ezl1 (sina+sinacosa) ezl2 (sina ' sinacosa) ezl3 (sina ' sinacosa)
21 cota
2
1—icota 31_11' coS2a+3, ;2 , 42, 12
- 21 e( ) [ ( sinza ) (T2 +13)]
“cotia

i3m i 3+cos2a
. [SDFTFT(l)](ll, l2'l3) = ’lCOLiOt(X e+ 2m 62( sin2a )(l%+l%+l§)

4.2 Prove that :
[SDFTFT 6(1:1 —aq, tz - b, t3 - C)](ll, lz, l3) =

1-icota

lna[(a2+l%+b2+l§+cz+l§)cosa—2(al1+blz+cl3)]
21

Proof:

[3DFrETg(ty,ty, t3)](l, 1z, 13) =

0 oo coo [1-icota Lt [(t2+e3+t2+12+13+13)cosa—2(tyly +Ealy +Esl
J'_ f_oo f_oo — ezsimal (12 +3+l1+15+13) (t1ly+tala+ts 3)]g(t1, t,, tz)dt,dt,dts

[3DFrFT §(t; — a,t, — b, t3 — ¢)](ly, I, 13) =

1-icota —(l +12+1%)cota —(t +t2+t2)cota—i(t 1y +tyly+tsl3)coseca _ _ _
/—M rHarlieota (B (% [T galtittatts 5(ty —a,t; — b, ts
c)dt,dt,dts

/1 icota —(lz+lz+l3)cota %(az+b2+cz)cot(x—i(all—blz—cl3)coseca
/1 icota Tsina [(@?+12+b%+13+c?+12)cosa—2(al,+bly+cl3)]

4.3 Prove that : 3DFrFT el@t1tbtatcta)|(] 1, 15) =
, 3in i (az+b2+c2)—2coseca(all+blz+cl3) (cos2a+3); 42 12,2
1-icota 21‘[ tana eT e2cota[ cota ]+[ sin2a ](l1+12+13)

Proof.
[BDFrFTg(ty,ty, t3)](ly, 15, 13) =

[, 15, 1%, (e e
[3DFTFTei(at1+bt2+ct3)](l1 12; 3) —

—i 2 .
J.oo foo foo 1-icota ez Slna[(t1+t2+t3+l +13+1%)cosa—2(t1l;+talp+t3l3)] el(ati+bty+cts) dt,dt,dt;
—00 Jv—00

2 2 2,12,72,92 _
[(t1+t2+t3 +ll+lz+13)COS(X 2(t111+t2[2+t3l3)]g(t1' tz, t3)dt1dt2dt3




76 JNAO Vol. 14, Issue. 2, No. 1 : 2023

=)

|1 — icota

i3 .3, = .
— L F+1i+1ficota glitioota+it (a-1 coseeal) 44
= = 1
N

—o —= —aa

o
Er||'t'§|:'|:|t'<1:+|'rz[1:-—.!2-:'|:lsnau:'|:r};-I__:luf: J‘ gu:'rf:'ura+fr3[:—!3ros*aca||dtg

cota

Taking a = ,b =a—lcoesa etc.

Therefore usmg equation (2)
[3DFrFT e'(atstbtzteta)|(q,, lz, l3)

i i(a— llcoseca) l(b lzcoseca) i i(c—l3coseca)2
L1272 42 — Jcotay — (cotay 4 t
_ ’1 icota E(l1+lz+l3)C0ta e 4 \/— 4 CO a e 4 \/— 4(c02 (x) ear e 4(coz (x)
’cota

COtDt cota
2

2

3im 2 (a— llcoseca) (b lzcoseca) (c—l3coseca)Z

— /1 icota o tana e ez[l cota+——- _———— [lzcota+ o ] [SCota+—C0w ]
cota

3im (a—llcoseca)2 i2 (b—lzcosecoc)2 ir2 (c—l3coseca)Z

1-icota ~ L — e T — AR hbtchhet

— ’ Irtana e ¢ ez[llcota+ cota ]ez[lzcota+ ot ]ez[ISCotcH ot ]
cota

3im i (a2+b2+c2)—2coseca(all+blz+cl3) (cos2a+3),,,2 . 12,2
1-icota 2 T.
= ’ 2w tana e ¢+ ezcota' cota 1+ sin2a 15 +13+13)
cota

3im i (a?+b%+c?)-2coseca(aly+bly+clz)

_ (cos2a+3):,,2 . 12, 412
= 1-icota 2w tana e ¢ ezcota' cota 1+[ sinza 10i+1z+13)
cota
4.4 Prove that :
12 2, 42
[3DFrFT e!@t+bta+ects)]q, 1,,15) =
i 3in 2,12 icosec?a l% f l% | l§
1-icota er e2(l 1+12+13)cota e (2cota+4a) ' (2cota+4b) ' (2cota+4c)
(cota+2a)(cota+2b)(cota+2c)
Proof:
[BDFrFTg(ts, tz, t3)]1(l, 12, 13) =
o o o ’1—'50ta i 2442429219272 _
f_oof_oo f_oo lzn eZSlna[(t1+t2+t3+ll+lz+l3)cosa 2(t111+t212+t3l3)]g(t1‘ tz, t3)dt1dt2dt3

[3DFTFT el @ti+bti+etd) (1, 1, 1,) =

1-icota —(ll+lz+13)cota —(t1+t2+t3)cota i(t1lyu+ttyly+t3l3)coseca L(at +bt2 +ct)
1/—2,1 Jo 57 ez fped+etd qe de, dt,

—i {12
1 lzc:ta’ ez(ll+l )cotaf 1t1
Takinga = [% + a],b = —l;coseca etc.
Therefore using equation (2)
[3DFrFT el@E+btB+etd)| (), 1, 1,) =

. it i(-Ipcoseca)” lzcosecot)2
1—icota e%(1§+1§+1§)cota el

i(-1ycoseca)® 11cosecoc)
cota+a) cota+b)
2T cota+a cotot cota
2
-1 1—-icota e 4 13)cota elcosec a (2cota+4a) (2cotot+4b) (2cota+4c)
2 (Jcota )(\/cota )(Jcota )
+a +b +c

2 2 2
12 15 13
i 3in 2,122 icosec?a 14 2y 3
_ 1—icota - eE(l 1+15+15)cota e (2cota+4a) (2cota+4b)  (2cota+4c)
(cota+2a)(cota+2b)(cota+2c)

me

]—illcosecotdt1 f°° 1t2[ +b] lvcosecadt f 1t3[$+c]—iwcosecotdt3
— 00

1(—l3cosecoc)2
4(
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Sr.
No. | 8(t1.t2,t3) [3DFrFT g(ty,t;,t3)](11,12,13)
1
1 —icota i3m i 3+cos2a, 12 12,12
1 3 e 4 21 ef( sinza U1 +12+13)
cota
2 5 . .
(Et— a, tz) 1 —icota em[(az+1%+b2+l%+c2+l§)cosa—2(all+b12+cl3)]
—Db,t3 —=C 2T
3 1 — icota 3im i (a?+b%+c?)-2coseca(au+bv+cw),  (cos2a+3); .2 12 . 12
3 - I.
el(ati+btz+ctsy) ——— 2mtana e 4 e2cota' cota 1+ smze 101tz +13)
cota
4 . 13 13 13
T 1—-icota icosec®a (2cota+4a) I (2cota+4b) ; (2cota+4c)
i(at2+btZ+ct?) (cota+2a)(cota+2b)(cota+2c)
e 1 2 3
eg’}Tn e%(l%+l§+l§)cotoc
Conclusion

The current paper presents
applications are retained.
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